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ON GINZBURG’S BIVARIANT CHERN CLASSES

SHOJI YOKURA

Abstract. The convolution product is an important tool in geometric repre-
sentation theory. Ginzburg constructed the “bivariant” Chern class operation
from a certain convolution algebra of Lagrangian cycles to the convolution
algebra of Borel-Moore homology. In this paper we prove a “constructible
function version” of one of Ginzburg’s results; motivated by its proof, we
introduce another bivariant algebraic homology theory sAH on smooth mor-
phisms of nonsingular varieties and show that the Ginzburg bivariant Chern
class is the unique Grothendieck transformation from the Fulton-MacPherson
bivariant theory of constructible functions to this new bivariant algebraic ho-
mology theory, modulo a reasonable conjecture. Furthermore, taking a hint
from this conjecture, we introduce another bivariant theory GF of constructible
functions, and we show that the Ginzburg bivariant Chern class is the unique
Grothendieck transformation from GF to sAH satisfying the “normalization
condition” and that it becomes the Chern-Schwartz-MacPherson class when
restricted to the morphisms to a point.

§1. Introduction

The present work is motivated by reading V. Ginzburg’s survey article [G2],
Chriss and Ginzburg’s book [CG] and H. Nakajima’s survey article (in Japanese)
[N3] (cf. its original paper [N4]).

In [N1] Nakajima gives a representation of the Kac-Moody algebra, in which
the key ingredients are the constructible functions and their pullbacks and push-
forwards. Also, in [N2] Nakajima gives a representation of the Heisenberg algebra
on the homology groups of the Hilbert scheme and, for that purpose, the key ingre-
dients are the Borel-Moore homology groups and the convolution product on the
homology groups. One motivation of the present paper is to see whether or not
one could use the theory of the Chern-Schwartz-MacPherson class transformation
c∗ : F → H∗ from the constructible function functor to the homology theory to
obtain some kind of connections, if any, between the above representations of the
Kac-Moody algebra and the Heisenberg algebra.

In [G1] Ginzburg introduced the notion of the “bivariant” Chern class from
the abelian group of certain Lagrangian cycles satisfying some special conditions
to the Borel-Moore homology group and showed that it is “convolutive”, i.e., it
commutes with the convolution product. In this paper we show a “constructible
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function version” of Ginzburg’s result and also, in a special case, the bivariant
Chern class from the Fulton-MacPherson bivariant group of constructible functions
to the homology is uniquely determined and is the same as Ginzburg’s bivariant
Chern class.

Also, motivated by this result, we introduce another kind of bivariant homology
theory on morphisms of nonsingular varieties, and we show the unique existence of
the bivariant Chern class, modulo a reasonable conjecture. Although we have not
been able to resolve the conjecture, suggested by this question, we introduce another
bivariant theory of constructible functions and we show that the Ginzburg bivariant
Chern class is the unique Grothendieck transformation between the above two new
bivariant theories satisfying the normalization condition that this transformation
is merely the original Chern-Schwartz-MacPherson transformation when restricted
to the morphisms to a point.

§2. Convolution in Borel-Moore homology

The notion of convolution (product) is important and ubiquitous in geometric
representation theory. Here we recall the convolution on the Borel-Moore homology
theory.

In this paper the homology theory H∗(X) is the Borel-Moore homology group
of a locally compact Hausdorff space X , i.e., the ordinary (singular) cohomology
group of the pair (X̄,∞) where X̄ = X ∪∞ is the one-point compactification of X .

For any closed subsets X and X ′ in a smooth manifold m, we have the cup
product

∪ : Hp(M,M \X)⊗Hq(M,M \X ′)→ Hp+q(M,M \ (X ∩X ′)),

which implies, by the Alexander duality isomorphism

H•(M,M \A) ∼= HdimM−•(A),

the following intersection product:

· : Hi(X)⊗Hj(X ′)→ Hi+j−dimM (X ∩X ′).

Let M1,M2,M3 be smooth oriented manifolds. Let pij : M1 × M2 × M3 →
Mi ×Mj be the canonical projections. Let Z ⊂ M1 ×M2 and Z ′ ⊂ M2 ×M3 be
closed subsets and assume that the restricted map

p13 : p−1
12 (Z) ∩ p−1

23 (Z ′)→M1 ×M3

is proper. Then its image is denoted by Z ◦ Z ′, i.e., the composite of the two
correspondences Z and Z ′ (see Fulton’s book [F]). With this set-up, the convolution

F : Hi(Z)⊗Hj(Z ′)→ Hi+j−dimM (Z ◦ Z ′)

is defined by
αFβ := p13∗(p

∗
12α · p∗23β).

In particular, when M1 = M2 = M3 = M , for any closed subvariety Z ⊂ M ×M ,
we have Z ◦ Z = Z and therefore H∗(Z) is a convolution algebra.

As one can see in the above construction of convolution, as long as the operations
of product, pullback and pushforward are available on certain algebraic objects
defined on (topological) spaces, one can always define a convolution product.
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§3. Ginzburg’s bivariant Chern class

In [G1] Ginzburg defined the “bivariant” Chern class cbiv from the abelian group
of Lagrangian cycles satisfying some special conditions to the Borel-Moore homol-
ogy group and also showed that the bivariant Chern class is convolutive; i.e., the
bivariant Chern class commutes with the convolution product. The situation of
interest to us in this paper is the following result of Ginzburg:

Theorem (3.1) ([G2, Theorem 6.7]). The map cbiv : L(X × Y ) → H∗(X × Y )
commutes with convolution, i.e., the following diagram commutes:

L(X1 ×X2)⊗ L(X2 ×X3)
F−−−−→ L(X1 ×X3)

cbiv⊗cbiv

y ycbiv

H∗(X1 ×X2)⊗H∗(X2 ×X3) −−−−→
F

H∗(X1 ×X3).

Here all X1, X2, X3 are nonsingular varieties.

The construction or definition of cbiv given in [G1] is not direct, but in his survey
article [G2] he gives an explicit description of the Chern class operation cbiv. It
assigns to a Lagrangian cycle, i.e., ΛY , Y ⊂ X1 × X2, the relative Chern-Mather
class of the fibers of the projection pY : Y → X2. The projection pY is the restriction
of the projection p2 : X1 ×X2 → X2 to the subvariety Y . Let ν : Ŷ → Y be the
Nash blow-up and T̂ Y the tautological Nash tangent bundle over Ŷ . Then the
above relative Chern-Mather class is defined by

cbiv(ΛY ) := iY ∗ν∗

(
c(T̂ Y − ν∗p∗Y TX2) ∩ [Ŷ ]

)
where iY : Y → X1 × X2 is the inclusion. Then it follows from the projection
formula and from pY = p2 ◦ iY that

cbiv(ΛY ) = iY ∗

( 1
p∗Y c(TX2)

∩ cM (Y )
)

= p∗2s(TX2) ∩ iY ∗cM (Y ).

Here s(TX2) denotes the Segre class of the tangent bundle of the manifold X2.
This Ginzburg bivariant Chern class can be defined for a constructible function

and for any morphism π : X → S from a possibly singular variety X to a smooth
variety S. So we define

cbiv
∗ = π∗s(TS) ∩ c∗ : F (X)→ H∗(X,Q)

where c∗ : F (X)→ H∗(X ;Q) is the usual Chern-Schwartz-MacPherson class from
the abelian group F (X) of constructible functions to the homology group with
rational coefficients [M]. In this section we shall give a “constructible function”
version of the above Theorem (3.1).

Since, from now on we make full use of basic properties of the Fulton-MacPherson
bivariant theory, we recall some necessary things from [FM]. A bivariant theory
B on a category C with values in an abelian category is an assignment to each
morphism X

f−→ Y in the category C a graded abelian group B(X
f−→ Y ) that is

equipped with the following three basic operations:
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(Product operations): For morphisms f : X → Y and g : Y → Z, the product
operation

• : B(X
f−→ Y )⊗ B(Y

g−→ Z)→ B(X
gf−→ Z)

is defined.
(Pushforward operations): For morphisms f : X → Y and g : Y → Z with f

proper, the pushforward operation

f∗ : B(X
gf−→ Z)→ B(Y

g−→ Z)

is defined.
(Pullback operations): For a fiber square

X ′
g′−−−−→ X

f ′
y yf
Y ′

g−−−−→ Y,

the pullback operation

g∗ : B(X
f−→ Y )→ B(X ′

f ′−→ Y ′)

is defined.
These three operations are required to satisfy the following seven axioms (see

[FM, Part I, §2.2] for details):
(B-1) product is associative,
(B-2) pushforward is functorial,
(B-3) pullback is functorial,
(B-4) product and pushforward commute,
(B-5) product and pullback commute,
(B-6) pushforward and pullback commute, and
(B-7) projection formula.
Let B,B′ be two bivariant theories on a category C. Then a Grothendieck trans-

formation from B to B′

γ : B→ B′

is a collection of homomorphisms

B(X → Y )→ B′(X → Y )

for a morphism X → Y in the category C that preserves the above three basic
operations; i.e.,

(i) γ(α •B β) = γ(α) •B′ γ(β),
(ii) γ(f∗α) = f∗γ(α), and
(iii) γ(g∗α) = g∗γ(α).
We recall some bivariant theories of constructible functions and the bivariant

homology theory.
The constructible function functor F itself can be a bivariant theory as follows:

For any morphism f : X → Y the group sF(X → Y ) is defined by

sF(X
f−→ Y ) := F (X).

We define the following operations of product, pushforward and pullback:



ON GINZBURG’S BIVARIANT CHERN CLASSES 2505

(Product operation):

• : sF(X
f−→ Y )⊗ sF(Y

g−→ Z)→ sF(X
gf−→ Z)

is defined by
α • β := α · f∗β.

(Pushforward operation):

f∗ : sF(X
gf−→ Z)→ sF(Y

g−→ Z)

is the pushforward
f∗ : F (X)→ F (Y ).

(Pullback operation): For a fiber square

X ′
g′−−−−→ X

f ′
y yf
Y ′

g−−−−→ Y,

the pullback operation

g∗ : sF(X
f−→ Y )→ sF(X ′

f ′−→ Y ′)

is the functional pullback
g′
∗ : F (X)→ F (X ′).

Then sF becomes a bivariant theory with these three operations, i.e., they satisfy
the seven axioms of the bivariant theory. This bivariant theory sF shall be called
the simple bivariant theory of constructible functions.

The axioms (B-2) and (B-3) clearly hold and one can prove that the above three
operations satisfy the other five axioms, using the following three properties, which
will be used often in later sections:

3.2. For a fiber square

X ′
g′−−−−→ X

f ′
y yf
Y ′

g−−−−→ Y,

the following diagram commutes:

F (Y ′)
f ′∗−−−−→ F (X ′)

g∗

y yg′∗
F (Y )

f∗−−−−→ F (X).

3.3. For a morphism f : X → Y and constructible functions α, β ∈ F (Y ) we have

f∗(α · β) = f∗α · f∗β.
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3.4. (Projection formula). For a morphism f : X → Y and constructible
functions α ∈ F (Y ) and β ∈ F (X) we have

f∗(f∗α · β) = α · f∗β.

Let H be the Fulton-MacPherson bivariant homology theory constructed from
the singular cohomology theory H∗. For a morphism f : X → Y , choose a mor-
phism φ : X → Rn such that Φ := (f, φ) : X → Y × Rn is a closed embedding.

Then the ith bivariant homology group Hi(X f−→ Y ) is defined by

Hi(X f−→ Y ) := Hi+n(Y × Rn, Y × Rn \Xφ),

where Xφ is defined to be the image of the morphism Φ = (f, φ). The definition
is independent of the choice of φ. Note that instead of taking the Euclidean space
Rn we can take a manifold M so that i : X → M is a closed embedding and then
consider the graph embedding f × i : X → Y ×M (see [FM] and [B]). See [FM,
§3.1] for more details of H.

The above simple bivariant theory sF is not a good one in the sense that one
looks for a bivariant version of the Chern-Schwartz-MacPherson class. In fact, there
does not exist a Grothendieck transformation γs : sF → H such that γs(11π) =
c(TX)∩ [X ] for X smooth, where π : X → pt and 11π = 11X ([Y2, Theorem (3.2)]).
At the moment, the best bivariant group of constructible functions is the Fulton-
MacPherson bivariant theory of constructible functions, i.e., F(X

f−→ Y ) consisting
of all the constructible functions on X that satisfy the local Euler condition with
respect to f (see [B], [FM], [Sa], [Z]). Here a constructible function α ∈ F (X) is
said to satisfy the local Euler condition with respect to f if for any point x ∈ X and
for any local embedding (X,x)→ (CN , 0) the following equality holds:

α(x) = χ
(
Bε ∩ f−1(z);α

)
,

where Bε is a sufficiently small open ball of the origin 0 with radius ε and z is any
point close to f(x) (cf. [B], [Sa]). The three operations on F are the same as above
in sF and it is known that these three operations are well defined for F (e.g., see
[BY], [Sa], [Z]). Note that F(X idX−→ X) consists of all locally constant functions
and F(X → pt) = F (X).

Theorem (3.5) (Brasselet’s theorem [B]). On the category of compact complex
analytic varieties and cellular morphisms, there exists a Grothendieck transforma-
tion

γBr : F→ H

satisfying the normalization condition that γBr(11π) = c(TX) ∩ [X ] for X smooth,
where π : X → pt and 11π = 11X.

Let B be any bivariant theory defined on the category of algebraic varieties.
Then the B-convolution product

FB : B(X1 ×S X2
π12

1−→ X1)⊗ B(X2 ×S X3
π23

2−→ X2)→ B(X1 ×S X3
π13

1−→ X1)

is defined by

αFBβ :=
(
π123

13

)
∗

(
(π12

2 )∗β •B α
)
.
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Here we use the following diagram:

X1 ×S X3
π123

13←−−−− X1 ×S X2 ×S X3
π123

23−−−−→ X2 ×S X3
π23

3−−−−→ X3

π13
1

y yπ123
12

yπ23
2 π3

0

y
X1

π12
1←−−−− X1 ×S X2 −−−−→

π12
2

X2 −−−−→
π2

0

S

π12
1

y yπ2
0

X1 −−−−→
π1

0

S

Then it is clear that any Grothendieck transformation γ : B→ B′ between any two
bivariant theories is convolutive, i.e., preserves the convolution product:

γ(αFBβ) = γ(α)FB′γ(β),

because the Grothendieck transformation commutes with the bivariant theoretic
operations of product, pullback and pushforward.

From now on we set the base variety S as a point. Let p : X × Y → X be the
projection to the first factor. Then we can show the following theorem, which is a
“constructible function version” of Theorem (3.1):

Theorem (3.6). For nonsingular varieties X1, X2, X3, the homomorphism cbiv
∗ :

F(X×Y → X)→ H∗(X×Y ) is convolutive; i.e., the following diagram commutes:

F(X1 ×X2 → X1)⊗ F(X2 ×X3 → X2)
F−−−−→ F(X1 ×X3 → X1)

cbiv
∗ ⊗cbiv

∗

y ycbiv
∗

H∗(X1 ×X2)⊗H∗(X2 ×X3) −−−−→
F

H∗(X1 ×X3).

Proof. Since projection maps are always cellular, we can use Brasselet’s bivariant
Chern class γBr : F → H and we can get the following commutative diagram as in
the above observation:

F(X1 ×X2 → X1)⊗ F(X2 ×X3 → X2) FF−−−−→ F(X1 ×X3 → X1)

γBr⊗γBr

y yγBr

H(X1 ×X2 → X1)⊗H(X2 ×X3 → X2) FH−−−−→ H(X1 ×X3 → X1).

Since H(Xi×Xj
πiji−→ Xi) = H∗(Xi×Xj) for any i, j, it follows from the definitions

of the bivariant theoretic operations on the bivariant homology theory H that the
H-convolution product FH is described by

AFHB = D−1
X1×X3

(
π123

13

)
∗DX1×X2×X3

((
π123

12

)∗
A ∪

(
π123

23

)∗
B
)
.

For a manifold Z, DZ : H∗(Z) ∼= H∗(Z) denotes the Poincaré duality isomor-
phism. On the other hand, by the definition, the convolution of the (Borel-Moore)
homology

FBM : H∗(X1 ×X2)⊗H∗(X2 ×X3)→ H∗(X1 ×X3)
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is given by

aFBM b =
(
π123

13

)
∗DX1×X2×X3

((
π123

12

)∗D−1
X1×X2

(a) ∪
(
π123

23

)∗D−1
X2×X3

(b)
)
.

Therefore, we can see that the following diagram commutes:

H(X1 ×X2 → X1)⊗H(X2 ×X3 → X2)
FH−−−−→ H(X1 ×X3 → X1)

DX1×X2⊗DX2×X3

y yDX1×X3

H∗(X1 ×X2)⊗H∗(X2 ×X3)
FBM−−−−→ H∗(X1 ×X3).

It follows from these two commutative diagrams that the homomorphism

DX×Y ◦ γBr : F(X × Y → X)→ H∗(X × Y )

is convolutive. Now we want to show that for any bivariant constructible function
α ∈ F(X × Y p−→ X) we have

DX×Y ◦ γBr(α) = p∗s(TX) ∩ c∗(α),

which completes the proof of the theorem. Since 11X ∈ F (X) = F(X → pt), we
have

α = α • 11X ∈ F (X × Y ) = F(X × Y → pt).
To avoid some possible confusion, the homomophism γBr : F(X → Y ) → H(X →
Y ) shall be denoted by γBr

X→Y . Hence, we have

(3.6.1) γBr
X×Y→pt(α) = γBr

X×Y→X(α) • γBr
X→pt(11X).

Here we note that the homomorphism γBr
Z→pt : F(Z → pt)→ H(Z → pt) is expressed

by
γBr
Z→pt = A−1

Z ◦ c∗,
where AZ : H∗(M,M \ Z)→ H∗(Z) is the Alexander duality isomorphism with Z
being embedded into a (any, in fact) manifold M . In particular, if Z is nonsingular,
AZ = DZ ; so we have

γBr
Z→pt = D−1

Z ◦ c∗.
Therefore (3.6.1) becomes

D−1
X×Y (c∗(α)) = γBr

X×Y→X(α) • D−1
X (c∗(11X).

Since D−1
X (c∗(11X)) = c(TX), we have

D−1
X×Y (c∗(α)) = γBr

X×Y→X(α) ∪ p∗c(TX),

which implies that

γBr
X×Y→X(α) = p∗s(TX) ∪ D−1

X×Y (c∗(α)).

Therefore, we get that

DX×Y ◦ γBr(α) = p∗s(TX) ∩ c∗(α).

This completes the proof of the theorem. �

For any varieties X,Y , we set

F̃(X × Y ) := 11X × F (Y ) = {11X × α|α ∈ F (Y )}.
Then, Theorem (3.6) is a generalization of the following näıve version, which can
be proved without appealing to the Brasselet theorem:
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Theorem (3.7) ([Y4, Theorem (3.2)]). Let X be a nonsingular variety and Y an
arbitrary variety. Then the homomorphism cbiv

∗ : F̃(X × Y )→ H∗(X × Y ) defined
by cbiv

∗ (11X ×α) = [X ]× c∗(α) is convolutive; i.e., the following diagram commutes:

F̃(X1 ×X2)⊗ F̃(X2 ×X3) F−−−−→ F̃(X1 ×X3)

cbiv
∗ ⊗c

biv
∗

y ycbiv
∗

H∗(X1 ×X2)⊗H∗(X2 ×X3) −−−−→
F

H∗(X1 ×X3).

§4. A bivariant algebraic homology theory and a conjecture

Motivated by Theorem (3.6) and its proof, we introduce another kind of bivariant
homology theory for morphisms of nonsingular varieties.

Definition (4.1). For a morphism f : X → Y of nonsingular varieties, we define

an abelian group pH(X
f−→ Y ) simply by

pH(X
f−→ Y ) := H∗(X).

The three operations are defined on pH as follows:
(Product operation):

• : pH(X
f−→ Y )⊗ pH(Y

g−→ Z)→ pH(X
gf−→ Z)

is defined by, for α ∈ pH(X
f−→ Y ), β ∈ pH(Y

g−→ Z),

α • β := f∗(D−1
Y (β)) ∩ α.

(Pushforward operation):

f∗ : pH(X
gf−→ Z)→ pH(Y

g−→ Z)

is the usual homology pushforward

f∗ : H∗(X)→ H∗(Y ).

(Pullback operation): For a fiber square

X ′
g′−−−−→ X

f ′
y yf
Y ′

g−−−−→ Y,

the pullback operation

g∗ : pH(X
f−→ Y )→ pH(X ′

f ′−→ Y ′)

is the Gysin homomorphism

g′
! : H∗(X)→ H∗(X ′),

i.e., g′! = DX′g′∗D−1
X .

Proposition (4.2). The above pH satisfies the five axioms (B-1), (B-2), (B-3),
(B-4) and (B-5) of the bivariant theory.
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The proof is straightforward and is left to the reader. It is not clear whether
the axioms (B-6) and (B-7) are satisfied or not. In this sense pH shall be called a
“pre-bivariant” homology theory.

As to [(B-6) pushforward and pullback commute], for a fiber square

X ′
h′′−−−−→ X

f ′
y yf
Y ′

h′−−−−→ Y

g′
y yg
Z ′

h−−−−→ Z

and for α ∈ pH(X
gf−→ Z), it is required that

f ′∗h
∗(α) = h∗f∗(α), namely f ′∗h

′′!(α) = h′
!
f∗(α).

As to [(B-7) projection formula], given

X ′
g′−−−−→ X

f ′
y yf
Y ′

g−−−−→ Y
h−−−−→ Z

and for α ∈ pH(X
f−→ Z) and β ∈ pH(Y ′

hg−→ Z), it is required that

g′∗(g
∗α • β) = α • g∗(β),

which asks if the following equality holds:

D−1
X (α) ∩ g′∗f ′

!(β) = D−1
X (α) ∩ f !g∗(β).

Indeed,

g′∗(g
∗α • β) = g′∗

(
f ′
∗D−1

Y ′ (β) ∩ g∗α
)

= g′∗

(
f ′
∗D−1

Y ′ (β) ∩ g′!α
)

= g′∗

((
f ′
∗D−1

Y ′ (β) ∪ g′∗D−1
X (α)

)
∩ [X ′]

)

= g′∗

(
g′
∗(D−1

Y ′ (α)
)
∩
(
f ′
∗(D−1

X (β)
)
∩ [X ′]

))
= D−1

X (α) ∩ g′∗
(
f ′
∗(D−1

Y ′ (β)
)
∩ [X ′]

)
= D−1

X (α) ∩ g′∗f ′
!(β)
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and

α • g∗β = f∗
(
D−1
Y (g∗β)

)
∩ α

=
(
f∗
(
D−1
Y (g∗β)

)
∪ D−1

X (α)
)
∩ [X ]

= D−1
X (α) ∩

(
f∗
(
D−1
Y (g∗β)

)
∩ [X ]

)
= D−1

X (α) ∩ f !g∗(β).

However, if we consider the algebraic homology group, i.e., the homology classes
represented by algebraic cycles, instead of the broader homology group, we can get
a bivariant theory on the category of smooth morphisms of nonsingular varieties.
Before going further, first we recall the following theorem (Verdier-Riemann-Roch
theorem for Chern class) and corollary for later uses.

Theorem (4.3) (cf. [FM], [Y1]). For a smooth morphism f : X → Y of possibly
singular varieties X and Y , the following diagram commutes:

F (Y ) c∗−−−−→ H∗(Y )

f∗
y yc(Tf )∩f !

F (X) −−−−→
c∗

H∗(X).

This theorem follows from the following commutative diagrams: the left-hand-
side commutative diagram is [Y1, Theorem (2.2)] and the commutativity of the
right-hand-side diagram follows from [F, Prop. 19.1.2] and [F, Example 19.2.1]:

F (Y ) c∗−−−−→ A(Y ) c`−−−−→ H∗(Y )

f∗
y yc(Tf )∩f∗

yc(Tf )∩f !

F (X) −−−−→
c∗

A(X) −−−−→
c`

H∗(X).

Remark (4.3.1). For a more general Verdier-Riemann-Roch theorem for Chern class,
see [Sch2].

Corollary (4.4). For a smooth morphism f : X → Y of nonsingular varieties X
and Y and for any constructible function β ∈ F (Y ), the following equality holds:

c∗(f∗β) = f∗
(
s(TY ) ∪ D−1

Y (c∗(β))
)
∩ c∗(X).

Proof. First we have to show that for a smooth morphism f : X → Y of nonsingular
varieties X and Y the Gysin homomorphism f ! : H∗(Y ) → H∗(X) is merely the
usual Gysin homomorphism DXf∗D−1

Y . It may be clear, but we give a proof for
the sake of the reader. We follow [F, Example 19.2.1]. Let i : X → Y ×X be the
graph, i.e., i(x) = (f(x), x) and let p : Y ×X → Y be the projection; thus, we have
f = p ◦ i. Let uX,Y×X ∈ H∗(Y ×X,Y ×X \X) be the orientation class (see [F,
§19.2]). Then by the definition ([F, Example 19.2.1]) we have, for α ∈ H∗(Y ),

f !(α) = uX,Y×X ∩ (α× [X ]).

What we want to show is that

uX,Y×X ∩ (α× [X ]) = DXf∗D−1
Y (α).
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This can be seen as follows:

uX,Y×X ∩ (α× [X ])

= uX,Y×X ∩
((
D−1
Y (α)× 1

)
∩
(
[Y ]× [X ]

))
= uX,Y×X ∩

(
p∗D−1

Y (α) ∩ [Y ×X ]
)

=
(
uX,Y×X ∪ (p∗D−1

Y (α)
)
∩ [Y ×X ]

= i∗p∗D−1
Y (α) ∩

(
uX,Y×X ∩ [Y ×X ]

)
(by [F, §19.1, (8), p. 371])

= f∗D−1
Y (α) ∩ [X ] (by [F, §19.1, (9), p. 373])

= DXf∗D−1
Y (α).

Now the statement of the corollary is straightforward. Indeed,

c∗(f∗β) = c(Tf) ∩ f !c∗(β)

=
c(TX)
f∗c(TY )

∩
(
f∗D−1

Y (c∗(β)) ∩ [X ]
)

= (f∗s(TY ) ∪ f∗D−1
Y (c∗(β)) ∪ c(TX)) ∩ [X ]

= f∗
(
s(TY ) ∪ D−1

Y (c∗(β))
)
∩ c∗(X).

�

Definition (4.5). For a morphism f : X → Y of nonsingular varieties, we define

an abelian group sAH(X
f−→ Y ) simply by

sAH(X
f−→ Y ) := AH∗(X),

and the three operations of product, pushforward and pullback are defined on sAH
as above in Definition (4.1).

Now, using Corollary (4.4) we can show the following theorem.

Theorem (4.6). The above sAH is a bivariant theory on the category of smooth
morphisms of nonsingular varieties, i.e., satisfies the seven axioms of the bivariant
theory.

sAH shall be called the simple bivariant algebraic homology theory.

Proof of Theorem (4.6). All we have to do is to show “pullback followed by push-
forward = pushforward followed by pullback” for the fiber square.

The algebraic homology group AH∗(X) of the variety X is the image of the cycle
map from the Chow homology group to the singular homology (see [F]):

c` : A(X)→ H∗(X).

Then we observe that the algebraic homology group is merely the image of the
Chern-Schwartz-MacPherson class homomorphism c∗ : F (X)→ H∗(X); i.e.,

AH∗(X) = Image(c` : A(X)→ H∗(X)) = Image(c∗ : F (X)→ H∗(X)).

This is due to the fact that the original Chern-Schwartz-MacPherson class homo-
morphism c∗ factors through the Chow homology group (see [F, Example 19.1.7]):

c∗ : F (X) c∗−→ A(X) c`−→ H∗(X).
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To see this, just observe that c∗ : F (X) → A(X) is surjective, because for any
subvariety W ⊂ X ,

c∗(11W ) = [W ] + lower-dimensional classes.

Now for the fiber square (of smooth morphisms of nonsingular varieties)

X ′
g′−−−−→ X

f ′
y yf
Y ′

g−−−−→ Y,

and for the algebraic homology class c∗(α) ∈ AH∗(X) ⊂ H∗(X) with α ∈ F (X),
we want to show that

f ′∗g
′!(c∗(α)) = g!f∗(c∗(α)).

This can be shown as follows. It follows from Theorem (4.3) that we get

c(Tg′) ∩ g′!(c∗(α)) = c∗(g′
∗
α),

which implies that
g′

!(c∗(α)) = s(Tg′) ∩ c∗(g′∗α).
Here we note that Tg′ = f ′

∗
Tg as virtual bundles; therefore, we get that

f ′∗g
′!(c∗(α)) = f ′∗

(
s(Tg′) ∩ c∗(g′∗α)

)
= f ′∗

(
f ′
∗
s(Tg) ∩ c∗(g′∗α)

)
= s(Tg) ∩ f ′∗c∗(g′

∗
α) (by the projection formula)

= s(Tg) ∩ c∗(f ′∗g′
∗
α) (by MacPherson’s theorem)

= s(Tg) ∩ c∗(g∗f∗α) (since f ′∗g
′∗α = g∗f∗α)

= s(Tg) ∩
(
g∗
(
s(TY ) ∪ D−1

Y (c∗(f∗α))
)
) ∩ c∗(Y ′)

)
(by Corollary (4.4))

=
(
s(Tg) ∪ g∗s(TY ) ∪ g∗D−1

Y (c∗(f∗α))
)
∩ c∗(Y ′)

=
(
s(TY ′) ∪ g∗D−1

Y (c∗(f∗α))
)
∩ c∗(Y ′)

= g∗D−1
Y (c∗(f∗α)) ∩

(
s(TY ′) ∩ c∗(Y ′)

)
= g∗D−1

Y (c∗(f∗α)) ∩ [Y ′] (since c∗(Y ′) = c(TY ′) ∩ [Y ′])

= g!(c∗(f∗α))

= g!f∗(c∗(α)) (by MacPherson’s theorem).

�
Now we go on to the question of existence of a Grothendieck transformation from

the bivariant constructible function F to the simple bivariant algebraic homology
theory sAH.

Proposition (4.7). If there exists a Grothendieck transformation

γs : F→ sAH
satisfying the “normalization condition” that, when restricted to the morphisms of
nonsingular varieties to a point γs, it is merely the Chern-Schwartz-MacPherson
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class c∗ : F → H∗, then γs is unique and for a smooth morphism f : X → Y of
nonsingular varieties X,Y and for a bivariant constructible function α ∈ F(X

f−→
Y ) we have

γs(α) = f∗s(TY ) ∩ c∗(α).

Proof. As in the previous section, for α ∈ F(X
f−→ Y ) we denote the homology

class γs(α) by γs
X→Y (α). Since 11Y ∈ F (Y ) = F(Y → pt), we have

α = α • 11Y ∈ F (X) = F(X → pt).

Hence, we get that

γs
X→pt(α) = γs

X→Y (α) • γs
Y→pt(11Y ).

Since the assignment γs
X→pt : F (X) = F(X → pt) → AH∗(X) = sAH(X → pt) is

the Chern-Schwartz-MacPherson transformation c∗, we get that

c∗(α) = γs
X→Y (α) • c∗(Y ),

which implies, since c∗(Y ) = c(TY ) ∩ [Y ], that by the definition of the product we
have

c∗(α) = f∗c(TY ) ∩ γs
X→Y (α),

from which we get
γs
X→Y (α) = f∗s(TY ) ∩ c∗(α).

�

Remark (4.8). In the above proposition, the “normalization condition” cannot be
weakened into the “expected” normalization condition that for a morphism π :
X → pt of a nonsingular variety X to a point pt,

γs(11X) = c(TX) ∩ [X ],

from which one might come to the conclusion that γs
X→pt : F(X → pt)→ sAH(X →

pt) has to be c∗ : F (X) → H∗(X) by resolution of singularities. However, in our
category only smooth morphisms of nonsingular varieties are allowed, but not any
resolution of singularities.

As to the converse, we can show at least the following:

Proposition (4.9). The “Ginzburg” transformation γGin : F → sAH defined by,

for a bivariant constructible function α ∈ F(X
f−→ Y ),

γGin(α) = f∗s(TY ) ∩ c∗(α),

satisfies the commutativity with the pushforward operation and the pullback opera-
tion.

Proof. Since it is easy to see that it satisfies the commutativity with pushforward,
we have only to show the commutativity with pullback. For a fiber square

X ′
g′−−−−→ X

f ′
y yf
Y ′

g−−−−→ Y,
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and for a bivariant constructible function α ∈ F(X
f−→ Y ), by the definition and

from Corollary (4.4) we have

γGin(g∗α) = γGin(g′!α)

= f ′
∗
s(TY ′) ∩ c∗(g′∗α)

= f ′
∗
s(TY ′) ∩ g′∗

(
s(TX) ∪ D−1

X (c∗(α))
)
∩ c∗(X ′).

On the other hand, we have that

g∗γGin(α) = g∗
(
f∗s(TY ) ∩ c∗(α)

)
= DX′g′∗D−1

X

(
f∗s(TY ) ∩ c∗(α)

)
= g′

∗
(
f∗s(TY ) ∪ D−1

X (c∗(α))
)
∩ [X ′]

=
(
g′
∗
f∗s(TY ) ∪ g′∗D−1

X (c∗(α))
)
∩ [X ′]

= g′
∗
f∗s(TY ) ∪ f ′

∗
s(TY ′)

g′∗f∗s(TY )
∪ f ′

∗
c(TY ′)

g′∗f∗c(TY )
∩
(
g′
∗D−1

X (c∗(α)) ∩ [X ′]
)

= f ′
∗
s(TY ′) ∩

( f ′
∗
c(TY ′)

g′∗f∗c(TY )
∩ g′∗D−1

X (c∗(α)) ∩ [X ′]
)
.

Here we observe the following equality as virtual bundles in the K-group:

g′
∗(TX − f∗TY ) = TX ′ − f ′∗TY ′,

which implies the following equality of Chern classes

f ′
∗
c(TY ′)

g′∗f∗c(TY )
=

c(TX ′)
g′∗c(TX ′)

.

Therefore, we get

g∗γGin(α) = f ′
∗
s(TY ′) ∩

( c(TX ′)
g′∗c(TX ′)

∩ g′∗D−1
X (c∗(α)) ∩ [X ′]

)
= f ′

∗
s(TY ′) ∩

(
g′
∗(
s(TX ′) ∪ D−1

X (c∗(α))
)
∩ c∗(X ′)

)
= γGin(g∗α).

�

In the proof of Proposition (4.9), in fact, the constructible function α does not
need to be a bivariant constructible function in the sense of Fulton and MacPherson,
but it can be any one. However, as to the commutativity with the product, one
needs to solve a problem which seems to be heavily connected to a topological
nature of “local Euler condition” of a bivariant constructible function. First, for
bivariant constructible functions α ∈ F(X

f−→ Y ) and β ∈ F(Y
g−→ Z) we compute
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both γGin(α • β) and γGin(α) • γGin(β):

γGin(α • β) = γGin(α · f∗β) = (gf)∗s(TZ) ∩ c∗(α · f∗β);

γGin(α) • γGin(β) = f∗
(
D−1
Y

(
g∗s(TZ) ∩ c∗(β)

))
∩
(
f∗s(TY ) ∩ c∗(α)

)
= f∗

(
g∗s(TZ) ∪ D−1

Y (c∗(β))
)
∩
(
f∗s(TY ) ∩ c∗(α)

)
= (gf)∗s(TZ) ∩

(
f∗
(
s(TY ) ∪ D−1

Y (c∗(β))
)
∩ c∗(α)

)
.

Therefore, it follows that γGin(α • β) = γGin(α) • γGin(β) holds if and only if for

a bivariant constructible function α ∈ F(X
f−→ Y ) the following equality holds:

(4.10) c∗(α · f∗β) = f∗
(
s(TY ) ∪ D−1

Y (c∗(β))
)
∩ c∗(α).

Since a smooth morphism f : X → Y is an Euler morphism, i.e., 11X belongs to
the bivariant group F(X → Y ), we can rewrite the formula in Corollary (4.4) as
follows:

c∗(11X · f∗β) = f∗
(
s(TY ) ∪ D−1

Y (c∗(β))
)
∩ c∗(11X).

So we make the following

Conjecture (4.11). The above formula (4.10) is correct.

Putting aside the problem of whether the above conjecture is correct or not, by
introducing a new bivariant theory of constructible functions, which takes the above
equality (4.10) as the definition, we will show that the Ginzburg bivariant Chern
class is the unique Grothendieck transformation from this new bivariant theory of
constructible functions to the bivariant theory sAH.

Definition (4.12). For a smooth morphism f : X → Y of nonsingular varieties
X,Y , we define

GF(X
f−→ Y )

to be the set of all constructible functions α ∈ F (X) satisfying the condition that
for any fiber square of smooth morphisms

X ′
g′−−−−→ X

f ′
y yf
Y ′

g−−−−→ Y,

and for any constructible function β′ ∈ F (Y ′), the following equality holds:

(4.12.1) c∗(g′
∗
α · f ′∗β′) = f ′

∗
(
s(TY ′) ∪ D−1

Y ′ (c∗(β
′))
)
∩ c∗(g′∗α).

Theorem (4.13). The above GF becomes a bivariant theory of constructible func-
tions with the same operations as in the bivariant theory sF of constructible func-
tions. Furthermore, we have that GF(X → pt) = F (X).
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Proof. It suffices to show that the three operations are well defined.
(i) The well-definedness of the product •: Let α ∈ GF(X

f−→ Y ) and β ∈
GF(Y

g−→ Z); we want to show that α • β ∈ GF(X
gf−→ Z). Namely, we want to

show that for the following fiber squares

(4.13.1)

X ′
h′′−−−−→ X

f ′
y yf
Y ′

h′−−−−→ Y

g′
y yg
Z ′

h−−−−→ Z

and for any constructible function γ ∈ F (Z ′) the following equality holds:

c∗(h′′
∗(α • β) · (g′f ′)∗γ) = (g′f ′)∗

(
s(TZ ′) ∪ D−1

Z′ (c∗(γ))
)
∩ c∗(h′′∗(α • β)).

Indeed,

c∗(h′′
∗(α • β) · (g′f ′)∗γ)

= c∗(h′′
∗(α · f∗β) · f ′∗g′∗γ)

= c∗(h′′
∗
α · h′′∗f∗β · f ′∗g′∗γ)

= c∗(h′′
∗
α · f ′∗h′∗β · f ′∗g′∗γ) (since h′′∗f∗β = f ′

∗
h′
∗
β )

= c∗(h′′
∗
α · f ′∗(h′∗β · g′∗γ))

= f ′
∗
(
s(TY ′) ∪ D−1

Y ′ (c∗(h
′∗β · g′∗γ))

)
∩ c∗(h′′∗α) (since α ∈ GF(X

f−→ Y )).

Since β ∈ GF(Y
g−→ Z), the above equation continues as follows:

= f ′
∗
(
s(TY ′) ∪ D−1

Y ′

(
g′
∗(
s(TZ ′) ∪ D−1

Z′ (c∗(γ))
)
∩ c∗(h′∗β)

))
∩ c∗(h′′∗α)

= f ′
∗
(
s(TY ′) ∪ g′∗

(
s(TZ ′) ∪ D−1

Z′ (c∗(γ))
)
∪ D−1

Y ′ (c∗(h
′∗β))

)
∩ c∗(h′′∗α)

= f ′
∗
g′
∗(
s(TZ ′) ∪ D−1

Z′ (c∗(γ))
)
∩
((

f ′
∗
s(TY ′) ∪ D−1

Y ′ (c∗(h
′∗β))

)
∩ c∗(h′′∗α)

)
= (g′f ′)∗

(
s(TZ ′) ∪ D−1

Z′ (c∗(γ))
)
∩ c∗(h′′∗α · f ′∗h′∗β) (since α ∈ GF(X

f−→ Y ))

= (g′f ′)∗
(
s(TZ ′) ∪ D−1

Z′ (c∗(γ))
)
∩ c∗(h′′∗α · h′′∗f∗β) (since h′′∗f∗β = f ′

∗
h′
∗
β )

= (g′f ′)∗
(
s(TZ ′) ∪ D−1

Z′ (c∗(γ))
)
∩ c∗(h′′∗(α • β)).

(ii) The well-definedness of the pushforward: Let α ∈ GF(X
gf−→ Z). We want

to show that f∗α ∈ GF(Y
g−→ Z). Namely, we want to show that for the above

fiber diagram (4.13.1) and for any constructible function γ ∈ F (Z ′) the following
equality holds:

c∗(h′
∗
f∗α · g′∗γ) = g′

∗
(
s(TZ ′) ∪ D−1

Z′ (c∗(γ))
)
∩ c∗(h′∗f∗α).
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Indeed,

c∗(h′
∗
f∗α · g′∗γ)

= c∗(f ′∗h
′′∗α · g′∗γ) (since h′∗f∗α = f ′∗h

′′∗α)

= c∗(f ′∗(h
′′∗α · f ′∗g′∗γ)) (by the projection formula (3.3) in §3)

= f ′∗c∗(h
′′∗α · (g′f ′)∗γ) (by the MacPherson theorem)

= f ′∗

(
(g′f ′)∗

(
s(TZ ′) ∪ D−1

Z′ (c∗(γ))
)
∩ c∗(h′′∗α)

)
(since α ∈ GF(X

gf−→ Z))

= g′
∗
(
s(TZ ′) ∪ D−1

Z′ (c∗(γ))
)
∩ f ′∗c∗(h′′

∗
α) (by the projection formula)

= g′
∗
(
s(TZ ′) ∪ D−1

Z′ (c∗(γ))
)
∩ c∗(f ′∗h′′

∗
α) (by the MacPherson theorem)

= g′
∗
(
s(TZ ′) ∪ D−1

Z′ (c∗(γ))
)
∩ c∗(h′∗f∗α) (since f ′∗h

′′∗α = h′
∗
f∗α).

(iii) The well-definedness of the pullback: This is obvious.
Finally, we want to show that GF(X → pt) = F (X). For this, consider the

following diagram:
X × Y p−−−−→ X

q

y y
Y −−−−→ pt

where X and Y are both nonsingular varieties. We want to show that for any
constructible functions α ∈ F (X) and β ∈ F (Y ) the following equality holds:

c∗(p∗α · q∗β) = q∗
(
s(TY ) ∪ D−1

Y (c∗(β))
)
∩ c∗(p∗α).

Indeed, since p∗α · q∗β = α × β, it follows from the cross product formula of the
Chern-Schwartz-MacPherson class, c∗(γ×δ) = c∗(γ)×c∗(δ) ([K] and also see [KY])
that

c∗(p∗α · q∗β) = c∗(α)× c∗(β).
On the other hand, letting 1W denote the Poincaré dual of the fundamental class
[W ], we have

q∗
(
s(TY ) ∪ D−1

Y (c∗(β))
)
∩ c∗(p∗α)

=
(

1X ×
(
s(TY ) ∪ D−1

Y (c∗(β))
))
∩ c∗(α× 11Y )

=
(
1X ∩ c∗(α)

)
×
((
s(TY ) ∪ D−1

Y (c∗(β))
)
∩ c∗(Y )

)
= c∗(α)×

(
D−1
Y (c∗(β)) ∩ [Y ]

)
= c∗(α)× c∗(β).

�

Remark (4.14). (i) It is quite natural to think that one might be able to define
another bivariant theory GF′ of constructible functions by simply requiring that
α ∈ GF′(X f−→ Y ) be defined so that α satisfies the “conjectural equality” (4.10),
i.e., that for any constructible function β ∈ F (Y ) the following holds:

c∗(α · f∗β) = f∗
(
s(TY ) ∪ D−1

Y (c∗(β))
)
∩ c∗(α).
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With this definition one can see that the product operation and the pushforward
operation are well defined and also that GF′(X → pt) = F (X), but the well-
definedness of the pullback is not clear at all. In fact, this drawback leads us to the
above definition of GF.

(ii) The above proof of Theorem (4.13) is a more direct or detailed proof, but
one can give a quicker proof “bivariant-theoretically”: Indeed, first we notice that
α ∈ GF(X → Y ) means that for the above fiber square and for any constructible
function β ∈ F (Y ′) the following holds:

γGin(g?α • β′) = γGin(g?α) • γGin(β′),

where the morphism considered for γGin(β′) is of course the morphism Y ′ → pt
and thus γGin(β′) is simply c∗(β′), or equivalently, for any morphism g′ : Y ′ → Z ′,
the equality γGin(g?α • β′) = γGin(g?α) • γGin(β′) holds and in this case γGin(β′)
is simply g′∗s(TZ ′) ∩ c∗(β′). For the sake of simplicity we delete the superscript
Gin. Then the well-definedness of the product can be shown as follows: We need
to show that for any constructible function δ ∈ F (Z ′),

γ(h?(α • β) • δ) = γ(h?(α • β)) • γ(δ).

Indeed,

γ(h?(α • β) • δ) = γ
(

(h′?α • h?β) • δ
)

= γ
(
h′
?
α • (h?β • δ)

)
= γ(h′?α) • γ(h?β • δ) (since α ∈ GF(X → Y ))

= γ(h′?α) • γ(h?β) • γ(δ) (since β ∈ GF(Y → Z))

= γ(h′?α • h?β) • γ(δ) (since α ∈ GF(X → Y ) again)

= γ(h?(α • β)) • γ(δ).

Similarly, the other well-definednesses can be proved.

Now it is easy to see that we have the following theorem:

Theorem (4.15). The Ginzburg transformation

γGin : GF→ sAH

is the unique Grothendieck transformation such that it becomes the Chern-Schwartz-
MacPherson class c∗ : F → H∗ when restricted to the morphisms to a point.

Remark (4.16). We note that Conjecture (4.11) means that F(X → Y ) ⊂ GF(X →
Y ), and also that if f : X → Y is a cellular morphism with Y being nonsingular,
then we have

F(X
f−→ Y ) ⊂ GF(X

f−→ Y ),
which follows from the Brasselet theorem (i.e., Theorem (3.5)) and our previous
uniqueness theorem [Y5].

Remark (4.17). In [Sch1] J. Schürmann has studied characteristic classes in a more
micro-local analytic approach and has obtained interesting results; for instance, he
gave a solution to a conjecture posed by Ginzburg in [G1]. For a further study on
Ginzburg’s bivariant Chern class, see [Y6], [Y7]; see also [Sch3] for a further study
from a more general viewpoint.
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[K] M. Kwieciński, Formule du produit pour les classes caractéristiques de Chern-Schwartz-
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